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Abstract  The principle of the compressed air cannon is that compressed air in the reser-
voir expands rapidly to propel the projectile. Previous studies assume that the tube pressure in 
front of the projectile is constant because the tube pressure was too low compared to the com-
pressed air pressure in the reservoir. However, when the projectile actually travels in the tube,
a compression wave is generated in front of the projectile. In this study, the theoretical predic-
tion for the velocity of the projectile was performed using the tube pressure in front of the pro-
jectile affected by the compression wave as a variable. The results show that the maximum 
velocity decreases compared to previous studies. This difference from the constant tube pres-
sure assumption cases becomes larger as the maximum velocity of the projectile increases.
The theoretical prediction considering the compression wave shows a more realistic decelera-
tion than when the tube pressure is constant. 

 
1. Introduction   

A compressed air cannon is typically used to build launched systems such as guns, and 
cannon weapons by physically analyzing the flow around a projectile fired within a long closed 
tube. The compressed air cannon comprises a reservoir, projectile, and closed tube.  

The operating principle of the compressed air cannon is that the compressed air in the reser-
voir expands rapidly, transmitting force to the projectile, which is fired and moved within the 
closed tube. Because the performance of the compressed air cannon is mostly expressed in 
terms of the velocity of the projectile, theoretical developments for predicting the velocity of the 
compressed air cannon have been made in many studies. Rohrbach et al. applied the conser-
vation of momentum, work-kinetic energy theorem, and Newtonian mechanics when designing 
the compressed air cannon to predict the velocity of the projectile [1]. Further, Mungan pre-
dicted the velocity of the projectile by applying the first law of thermodynamics to the com-
pressed air expansion process under a reversible and adiabatic process [2]. 

Denny applied the expansion process of the compressed air as an isothermal process and 
analyzed the velocity of the projectile for travel distance and constant friction force between the 
projectile and the wall [3]. In addition, Ayars et al. predicted the distance and velocity of the 
projectile using the characteristic length [4]. These studies developed the theory by focusing 
only on the pressure of the compressed air expanding behind the projectile. In other words, 
these studies neglected the tube pressure in front of the projectile because is usually atmos-
pheric pressure, which is very low compared to the initial pressure of the compressed air in the 
reservoir.  

However, in actual operation, when the projectile travels within the closed tube, the compres-
sion wave is generated in front of the projectile [5-11]. This compression wave increases the 
tube pressure in front of the projectile and disturbs its movement, thereby reducing its velocity 
[12]. Auvity and Bellenoue studied the propagation of the pressure wave in a tube, and they 
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found that a compression wave is generated when a body 
moves at subsonic speed [13]. The compression wave induces 
a high-pressure region owing to the air compressibility effect 
compression wave induces a high-pressure region owing to the 
air compressibility effect [14]. Although the high-pressure re-
gion is considerably smaller compared to the pressure of the 
compressed air behind the projectile, it is expected that this will 
reduce the velocity of the projectile. 

Therefore, the main objective of this study is to analyze the 
behavior of the projectile through theory development consid-
ering the effect of the compression wave generated in front of 
the projectile. The theoretical model for predicting the behavior 
of the projectile assumes the tube pressure in front of the pro-
jectile as a variable to consider the effect of the compression 
wave. In the process, a shock-fixed coordinate is applied to 
the compressed air cannon to consider the compression wave 
[15]. So far, previous studies have not mentioned which proc-
ess is more suitable for the expansion process of the com-
pressed air behind the projectile when analyzing the com-
pressed air cannon [1]. Therefore, in this study, both proc-
esses were considered to compare the effect of the compres-
sion wave acting on the projectile for the expansion process of 

the compressed air. 
The next section develops the theory by assuming the tube 

pressure affected by the compression wave as a variable. The 
results section shows the velocity and travel distance of the 
projectile for the change in the cross-sectional area and mass 
of the projectile and change in the initial pressure of the com-
pressed air for each expansion process of the compressed air 
through the developed theoretical model. 

 
2. Theoretical development 

Fig. 1 shows each model according to the time and tube 
pressure in front of the projectile for the compressed air cannon 
used in this study for theory development. 

Fig. 1(a) shows the initial process of the compressed air 
cannon before the projectile is propelled at time t = 0 s. 

Further, Fig. 1(b) shows the model from the previous study, 
where the projectile has traveled by a distance x  during time t  
without considering the compression wave. Fig. 1(c) shows that 
the projectile travels by a distance x  during time t  in a model 
that considers the compression wave in this study. Because the 
compression wave is considered, the tube pressure in front of 

 

 
(a) t = 0 s (initial state) 

 

 
(b) Constant tube pressure model (model in previous study) 

 

 
(c) Nonconstant tube pressure model (model in this study) 

 

 
(d) Schematic of the force acting on the projectile 

 
Fig. 1. Illustration of a compressed air cannon according to time and tube pressure in front of the projectile: (a) t = 0 s is the initial state of the compressed air 
cannon; in (b) and (c), the blue line dash box represents the rapidly expanding compressed air distribution; in (c), ① and ② indicate local points in the rear 
and front of the shock wave, respectively, and the pressure at that location is indicated by subscripts 1 and 2. atmP  means the value of 1 atm; in (d), arrows 
show the direction of the force acting on the projectile. 
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the projectile is divided into rear and front regions of the com-
pression wave. Therefore, the tube pressure 2P  in front of the 
compression wave, which is not yet affected by the compression 
wave, is assumed to be a constant value, and the tube pressure 

1P  at the rear of the compression wave that has already been 
affected by the compression wave is assumed as a variable. 

The reservoir contains compressed air with an initial volume 
0V  and an initial pressure 0P . In this study, the air inside the 

entire system, including the compressed air in the reservoir, is 
assumed to be an ideal gas. During time t , the projectile with 
mass m  travels as distance x  in the closed tube of total 
length L  owing to the rapidly expanding compressed air from 
the reservoir. ( )P t  and ( )V t  are the pressure and volume, 
respectively, of the compressed air behind the projectile chang-
ing during time t . The friction force f  that occurs between 
the projectile and the tube exists because the cross-sectional 
area A  of the projectile is assumed to be equal to the cross-
sectional area of the tube.  

In addition, as the cross-sectional areas are the same, there 
is no effect on leakage of the compressed air behind the pro-
jectile. Furthermore, the projectile is assumed to have no rota-
tional motion while traveling in the closed tube [3, 4]. Therefore, 
it is assumed that there is no Magnus force, a force perpen-
dicular to the rotation of the projectile [16]. In Fig. 1(c), the pro-
jectile travels in the tube by driving force given by the rapid 
expansion of the compressed air behind the projectile. As men-
tioned earlier in the introduction, this study both considers the 
isothermal process and isentropic process. 

First, when the expansion process of the compressed air is 
applied as the isothermal process, it is assumed to be a quasi-
equilibrium process [1]. As in quasi-equilibrium, when the ex-
pansion process of the compressed air proceeds slowly, suffi-
cient time is given for heat exchange until the compressed air 
reaches the same temperature as the surrounding environment. 
Therefore, it is possible to apply the expansion process of the 
compressed air as the isothermal process. 

Conversely, when the expansion process of the compressed 
air is applied as the isentropic process, it is assumed that the 
process is reversible and very fast. Assuming that the expan-
sion process is so fast that there is not enough time to transfer 
heat to the surroundings, it can be said that there is no heat 
transfer to the outside like an adiabatic process [2, 17, 18]. 
Therefore, the expansion process of the compressed air can 
also be applied as the isentropic process. 

The theory developed in this study applies the isothermal 
process and the isentropic process to the expansion process of 
the compressed air, respectively, and compares the results. 
The above assumptions applied to the expansion process of 
the compressed air do not directly affect the flow between the 
projectile and the compression wave. 

Next, in Fig. 1(d), the equation for the force acting on the pro-
jectile of the compressed air cannon is as follows: 

 
( ) ( ) ( )1     F t P t A PA f ma t= − − = . (1) 

Where ( )P t  is the pressure of the compressed air expand-
ing behind the projectile during time t , 1P  is the tube pres-
sure in front of the projectile (rear of the compression wave). 
Further, F  represents the total force acting on the projectile, 
m  represents the mas of the projectile, and a  represents the 
acceleration of the projectile. In Eq. (1), the force acting on the 
projectile can be divided into driving force ( )P t A , resistance 
force 1PA , and friction force f  [8]. The pressure ( )P t  is 
expressed differently depending on whether the expansion 
process of the compressed air behind the projectile is the iso-
thermal process or the isentropic process.  

The friction force f  generated between the projectile and 
the tube wall and affects the behavior of the projectile together 
with the tube pressure in front of the projectile. The flow behind 
the compression wave from the front of the projectile is as-
sumed to be isentropic and inviscid, except across the com-
pression wave. This isentropic process is assumed to be inde-
pendent of the friction force developed between the projectile 
and the tube wall. In addition, the flow ignores boundary layer 
formation and flow separation from the tube walls. The flow is 
assumed to be a quasi-one-dimensional flow to capture main 
properties such as the compression wave [15, 19, 20]. The 
parameter for the thickness of the shock wave was not ana-
lyzed because there was no heat conductivity effect [21]. 

 
2.1 Expansion process of the compressed air 

In this study, assuming the tube pressure in front of the pro-
jectile as a variable to consider the compression wave, we 
developed a theory to predict the behavior of the projectile in 
the isothermal and isentropic processes of the expansion proc-
ess of the compressed air, respectively. Moreover, as men-
tioned above, the compressed air in the reservoir behind the 
projectile was assumed to be an ideal gas. First, when the 
expansion process of the compressed air is applied as an iso-
thermal process, the volume of the compress air is inversely 
proportional to its pressure according to the ideal gas equation 
PV C= . Therefore, the pressure ( )P t  and volume ( )V t  of 
the expanding compressed air behind the projectile with re-
spect to time t  can be expressed as follows: 

 
( ) ( )0 0PV P t V t= . (2) 

 
From Fig. 1, ( )V t  can be expressed as follows: 
 

( ) ( )0V t V Ax t= + . (3) 
 
By using Eqs. (2) and (3), ( )P t  can be expressed as the 

following equation: 
 

( ) ( )
0

0
0  
VP t P

V Ax t
⎛ ⎞

= ⎜ ⎟⎜ ⎟+⎝ ⎠
. (4) 

 
( )P t  is expressed as an equation according to the travel 
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distance x  of the projectile as per Eq. (3). Therefore, the 
force equation of the projectile in the isothermal process is 
derived by substituting Eq. (4) into Eq. (1). 

 

( ) ( )
0

0 1
0

  
 
VF ma t P A PA f

V Ax t
⎛ ⎞

= = − −⎜ ⎟⎜ ⎟+⎝ ⎠
. (5) 

 
Eq. (5) for the force acting on the projectile comprises the ini-

tial pressure and initial volume of the compressed air, cross-
sectional area A  of the projectile, friction force f  between 
the projectile and the tube wall, travel distance x  of the pro-
jectile, and the tube pressure 1P  in front of the projectile. 

Eq. (5) cannot be used to directly calculate the behavior of 
the projectile because the variables are x , 1P , and f . 
Therefore, Eq. (5) can be solved using the normal shock wave 
relation by assuming that tube pressure 1P  is a variable con-
sidering the compression wave. This is explained in the next 
section. The friction force f  actually varies from case to case. 
However, the friction force is usually analyzed by ignoring it or 
assuming it to be constant [3, 9]. In this study, we simplified the 
model by adopting the calculation of the friction force by Denny 
to easily analyze the behavior of the projectile for the friction 
force [3]. Denny expressed the friction force as the initial pres-
sure of the compressed air and the cross-sectional area of the 
barrel. Since the cross-sectional area is constant, the friction 
force is expressed as a ratio of 0-1 from the initial pressure of 
the compressed air behind the projectile. In addition, we as-
sume that the friction force is constant regardless of the veloc-
ity of the projectile. Sasoh et al. quantitatively evaluated the 
friction force both theoretically and experimentally and con-
cluded that the friction force can become comparable with the 
driving force made by the propellant gas when the fit between 
the projectile and the tube is tight [22]. Our study simplified the 
friction force without defining a kinetic friction model like above 
study. However, our study assumes that the cross-sectional 
area of the projectile is equal to the cross-sectional area of the 
tube, so the fit can be assumed to be tight. 

Therefore, we assume that the frictional force acting on the 
projectile, which is the dimensionless frictional force 1 (maxi-
mum friction), is equal to the initial driving force 0P A  acting on 
the projectile, which means that the projectile is at rest.  

Next, when the expansion process of the compressed air is 
applied as the isentropic process, the pressure and volume of 
the compressed air at time t  can be expressed by the ideal 
gas equation as follows: 

 

( )
( )
0

0

P t V
P V t

γ
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

. (6) 

 
The initial state of the projectile (before the projectile is pro-

pelled) x (0) = 0, P (0) = 0P , V (0) = 0V  is shown in Fig. 1(a). 
In Eq. (6), γ  represents the specific heat ratio of air. Using Eq. 
(3) as the volume term in Eq. (6), the pressure of the expand-

ing air during time t  is expressed as follows: 
 

( ) ( )
0

0
0

VP t P
V Ax t

γ
⎛ ⎞

= ⎜ ⎟⎜ ⎟+⎝ ⎠
. (7) 

 
Substituting Eq. (7) into Eq. (1), which is the equation of 

force acting on the projectile, we get 
 

( ) ( )
0

0 1
0  
VF ma t P A PA f

V Ax t

γ
⎛ ⎞

= = − −⎜ ⎟⎜ ⎟+⎝ ⎠
. (8) 

 
Eq. (8) is an expression for the isentropic process and is the 

same as the isothermal process that is derived from Eq. (5) 
except for the specific heat ratio. Similarly, the behavior of the 
projectile cannot be directly determined as the variables are x , 

1P  and f . Therefore, as in the isothermal process, Eq. (8) 
can be solved by expressing the friction force f  in the di-
mensionless range of 0-1 and assuming the tube pressure 1P  
as a variable. 

 
2.2 Compression wave in front of the projectile 

In this section, the theoretical development is described only 
when the expansion process of the compressed air is the isen-
tropic process. This is because the theoretical development of 
the isothermal process and the isentropic process for the ex-
pansion process of the compressed air are almost same (only 
the specific heat ratio term is added). We apply Newton’s law 
of motion and the normal shock wave relation to obtain the 
tube pressure 1P  in front of the projectile, which is assumed 
as a variable to consider the compression wave. 

First, initial state values of the projectile need to be defined to 
predict the behavior of the projectile. Therefore, when the pro-
jectile is in the initial state 0t  before being launched, Newtons’ 
second law of motion is applied to obtain the travel distance 

0x , velocity 0v , acceleration 0a  of the projectile. The accel-
eration 0a  of the projectile at time 0t  is expressed by substi-
tuting 0x  into the Eq. (8) of the force acting on the projectile 
as follows: 

 

0
0 0 1

0 0

 
 

A V fa P P
m V Ax A

γ⎡ ⎤⎛ ⎞
⎢ ⎥= − −⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦

. (9) 

 
The acceleration of the projectile is expressed with respect to 

time t  using  adt dv=  as follows: 
 

( ) ( )
0

0 1
0

 
 

dv A V fa t P P
dt m V Ax t A

γ⎡ ⎤⎛ ⎞
⎢ ⎥= = − −⎜ ⎟⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦

. (10) 

 
Therefore, integrating from 0t  to t , the velocity v  of the 

projectile over time is expressed as: 
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0 0

0
0 1

0 0 

v t

v t

A V fdv P P dt
m V Ax A

γ⎡ ⎤⎛ ⎞
⎢ ⎥= − −⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦

∫ ∫ . (11) 

 
In Eq. (11), the initial pressure 0P  of the compressed air, 

cross-sectional area A  of the projectile, mass m  of the pro-
jectile, and time t  are the values set in this study. In addition, 
the travel distance 0x  of the projectile before it is launched is 
0 m, so the velocity 0v  of the projectile is 0 m/s. Therefore, In 
Eq. (11), the velocity v  of the projectile integrating from 0t  to 
t  is an equation with only the variable 1P . Furthermore, in this 
study, the dimensionless friction is given as an initial condition 
to eliminate the friction force f , which is a variable. That is, 
the friction force f  is expressed in the form of dimensionless 
0-1 using the initial pressure of the compressed air behind the 
projectile and the cross-sectional area of the projectile. 

Finally, 1P  can be obtained by applying the normal shock 
wave relation. The schematic of the normal shock wave gener-
ated in the compressed air cannon system is shown in the 
figure below. 

The velocity 1 1  s
sv v v= −  can be seen from the shock-fixed 

coordinates in Fig. 2(c). Thus, the equation for 1v  is ex-
pressed as follows: 

 
1 1  ssv v v= + . (12) 

 
In this study, the flow properties across the compression 

wave have been quantified by applying the normal shock wave 
relations. Except for the flow across the compression wave, the 
flow fields are assumed to be isentropic. Therefore, Eq. (12) is 
expressed in terms of the Mach number by dividing it by 

1RTγ , which is derived from the isentropic equation [23]. 
 

1 1
1

 ssvM M
RTγ

= − . (13) 

Where 1
sM  is the transformed representation from 

1 1/sv RTγ , and 1
sv  is a negative value because the velocity 

of the compression wave is faster than the projectile by apply-
ing the normal shock wave relation. Therefore, the sign in front 
of 1

sM  is negative. To convert the first term on the right side of 
Eq. (13) into ,SM  1/sv RTγ  is expressed as follows: 

 

2

1 2

   s RTv
RT RT

γ
γ γ

× . (14) 

 
2/sv RTγ  becomes sM , leaving the term 2 /RTγ  

1RTγ , and Eq. (13) is converted as follows: 
 

2
1 1

1

s
s

RT
M M M

RT
γ
γ

= × − . (15) 

 
The Mach number sM  of the compression wave is the 

same as the Mach number 2
sM  of the flow ② in Fig. 2(c) 

according to the concept of the normal shock wave relation. 
Therefore, Eq. (15) can be expressed as follows: 

 

2
1 2 1

1

   s sRT
M M M

RT
γ
γ

= × − . (16) 

 
When the second term on the right side in Eq. (16) is con-

verted into a normal shock wave relation, it becomes as fol-
lows: 

 

( ) ( )
( ) ( ) ( )( )

22
22

2 2
1 2 2

1

2 1 1 2

+
=

⎡ ⎤ ⎡ ⎤− − × − +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

s

s s

MRT
RT M M

γγ
γ γ γ γ

 (17) 

 

 

 
(a) Schematic of compressed air cannon tube 

 

 
 (b) Absolute coordinates  (c) Shock-fixed coordinates 
 
Fig. 2. Schematic of the shock wave and flow velocity in different coordinate systems. The superscript s  indicates the velocity in shock-fixed coordinates, 
and the velocity in absolute coordinates is shown without the superscript. ① and ② indicate local points behind and in front of the shock wave, respectively; 
the velocity at those locations is indicated by subscripts 1 and 2, and the subscript s  indicates the propagation velocity of the shock wave. 
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Furthermore, the Mach number 1
sM  of flow ① in Eq. (16) 

can be expressed as follows by using the normal shock rela-
tion: 

 
( )
( ) ( )

2
1 2

2

1 2

2 1

− +
=

− −

s
s

s

M
M

M

γ
γ γ

. (18) 

 
Finally, by substituting Eqs. (17) and (18) into Eq. (16), it is 

expressed as follows: 
 

( ) ( )
( ) ( ) ( )( )

( )
( ) ( )

22
2

1 2 2 2

2 2

2
2

2

1

2 1 1 2

1 2
.

2 1

s
s

s s

s

s

M
M M

M M

M

M

γ

γ γ γ

γ
γ γ

+
= ×

⎡ ⎤ ⎡ ⎤− − × − +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

− +
−

− −

 (19) 

 
In the study of the Hyperloop system, Jang et al. mentioned 

that, under isentropic and inviscid assumptions, the flow quanti-
ties do not vary from the behind of the shock wave to the nose 
of the pod (the vehicle in the Hyperloop system) [15]. It is also 
explained that for high-speed projectiles, the most significant 
acceleration occurs near the breech, keeping the velocity of the 
projectile relatively constant over the most of the latter portion 
of its in-bore trajectory [8, 24]. In our study, the projectile 
moves at high speed due to the high pressure behind the pro-
jectile. Also, the flow between the projectile and the compres-
sion wave is assumed to be isentropic and quasi-steady invis-
cid flow. Therefore, we assume that the Mach number of the 
flow ① is equal to the Mach number of the projectile. The 
Mach number 1M  of the flow ① can be expressed as the 
velocity 1v  of the projectile using the speed of sound relation: 

 
1

1
1

  vM
RTγ

= . (20) 

 
Substituting Eq. (20) into Eq. (19) to expressed it as an equa-

tion for 1v ,  
 

( ) ( )
( ) ( ) ( )( )

( )
( ) ( )

22
2

2 2 2

2 2

1 1

2
2

2

1

2 1 1 2

1 2

2 1

s
s

s s

s

s

M
M

M M
v RT

M

M

γ

γ γ γ
γ

γ
γ γ

⎡ ⎤+⎢ ⎥×⎢ ⎥⎡ ⎤ ⎡ ⎤− − × − +⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦= × ⎢ ⎥
⎢ ⎥− +
−⎢ ⎥

− −⎢ ⎥⎣ ⎦

. 

 (21) 
 
Eq. (21) for the velocity of the projectile is expressed as a 

function of 2
sM . Therefore, the velocity of the projectile can be 

obtained by assuming that the velocity v  of the projectile over 
time in Eq. (11) derived previously and the velocity 1v  of the 
projectile in Eq. (21) to which the normal shock wave relation is 
applied are the same. First, Eq. (11) for the velocity of the pro-

jectile over time is expressed as a function only of 2
sM  by 

applying the normal shock wave relation.  
In Eq. (11) for the acceleration of the projectile according to 

time t , 1P  is expressed according to the normal shock wave 
relation as follows: 

 

( ) ( )

( ) ( )

0
0 1

0

2

21

2

 ,
 

2 1
 .

1

S

dv A V fa t P P
dt m V Ax t A

MP
P

γ

γ γ
γ

⎡ ⎤⎛ ⎞
⎢ ⎥= = − −⎜ ⎟⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦

− −
=

+

 (22) 

 
By substituting Eq. (22) into Eq. (11), from time 0t  to t  it is 

expressed as follows: 
 

( ) ( )
0 0

2

20
0 2

0 0

2 1
 

 1

Sv t

v t

MA V fdv P P dt
m V Ax A

γ γ γ
γ

⎡ ⎤⎛ ⎞− −⎛ ⎞⎢ ⎥⎜ ⎟= − −⎜ ⎟⎢ ⎥⎜ ⎟+ +⎝ ⎠ ⎝ ⎠⎣ ⎦
∫ ∫ . 

 (23) 
 
Therefore, because the 1v  in Eq. (21) and the v  in Eq. (23) 

have the same variable 2
SM , Eqs. (21) and (23) are combined 

to obtain 2
SM . Then the velocity v  of the projectile integrated 

from 0t  to t  can be obtained using 2
SM . Moreover, the 

travel distance x  over the same time interval can be obtained 
using the velocity v , and similarly the acceleration a  of the 
projectile can be obtained using x . Our theoretical model 
could predict the velocity, distance, and acceleration of the 
projectile from time 0t  to t . The theoretical model was re-
peated to obtain continuous values over time for the com-
pressed air cannon. The results (described in Sec. 3) were 
obtained at intervals of 0.00001 s for a total projectile travel 
distance time of 0.03 s. 

 
3. Results and discussion 

The parameters used in the analysis were applied as the 
same values presented in the reference study [3]. The refer-
ence study was analyzed assuming the maximum pressure of 
200 atm for the air gun charging the gas reservoir under the 
pressure range of 70-200 atm. In the study, the equation for 
the force acting on the pellet neglects the effect of the tube 
pressure in front of the pellet. This is because the tube pres-
sure is atmospheric pressure, which is very small compared to 
the initial pressure of the compressed air. However, our study 
considers tube pressure. Therefore, in order to apply the same 
force to the pressure acting on the projectile as in the reference 
study, our study set the initial pressure of the compressed air to 
201 atm and the initial pressure of the tube to 1 atm. 

In other words, the initial pressure and initial volume of the 
compressed air in the reservoir were set to 0P  = 201 atm and 

0V = 1.6×10-5 m3. Next, the cross-sectional area A  of the 
projectile was 2.5×10-5 m2, which was the specification of the 
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0.22 caliber gun. The mass m  of the projectile was 1.0×10-3 
kg, which was the specification of the 0.22 pellet. The above 
parameter values vary in each case and are given in Table 1. 
Table 1 lists the IDs classified according to the tube pressure 
type and the initial pressure of the compressed air.  

The tube pressure type in Table 1 is expressed as constant 
when the tube pressure is assumed to be constant without 
considering the compression wave, and nonconstant when the 
tube pressure is assumed as a variable considering the com-
pression wave. 

There is only one constant type, while the nonconstant type 
is divided into 4-four types according to the initial pressure of 
the compressed air. Sec. 3.1 compares the tube pressure type 
to be nonconstant and the tube pressure type to be constant. 
The result is expressed as the maximum velocity maxv  of the 
projectile, acceleration of the projectile, maximum velocity oc-
currence point of the projectile, and maximum travel distance 
maxx  of the projectile. Sec. 3.2 shows the result of analyzing 

the case only where the tube pressure type is nonconstant. 
Sec. 3.2.1 describes the pressure of the compression wave, 
Mach number of the compression wave, velocity of the projec-
tile, acceleration of the projectile, and travel distance of the 
projectile over time. Further, Sec. 3.2.2 analyzes the effect of 
change in the cross-sectional area and mass of the projectile 
on the velocity and travel distance of the projectile. Finally, Sec. 
3.2.3 evaluates the effect of the initial pressure change of the 
compressed air in the reservoir on the velocity and travel dis-
tance of the projectile. Our study results are for the assumption 
that the compression wave does not reach the end of the tube 
in all cases. 

The dimensionless friction df  displayed in the plot of each 
section represents the range of 0-1. As mentioned above, df  
is the initial condition expressed dimensionless of range 0-1 by 
dividing the friction force by the product of the initial pressure of 
the compressed air and the cross-sectional area of the projec-
tile. The friction force refers to that generated between the 
projectile and the tube wall, as mentioned above, and has no 
direct effect on the compression wave. The dimensionless 
friction is expressed as follows: 

 

0
d

ff
P A

= . (24) 

 
3.1 Comparison of nonconstant and constant 

tube pressure models 

This section compares the case where the tube pressure is 
assumed as a variable considering the compression wave and 
the case where the tube pressure is assumed as a constant 
without considering the compression wave. The tube pressure 
in front of the projectile, which does not consider the compres-
sion wave, was fixed at 1 atm. 

The comparison was made under the same conditions ex-
cept that the tube pressure type was different. In addition, the 
results of references were used to validate the results of CP of 
this study [3]. Here, CP represents constant tube pressure 
model, and NP represents nonconstant tube pressure model. 
The results of references are indicated with superscripts *. 

Fig. 3 shows the maximum velocity maxv  of the projectile 
corresponding to each point within the range 0-1 of the dimen-
sionless friction. In Fig. 3, (a) isothermal process and (b) isen-
tropic process represent the expansion process of the com-
pressed air behind the projectile, and the enlarged part in the 
figure shows the trend of maxv . In the case of NP201, the 

Table 1. Comparison of the characteristics of the main parameters of the 
compressed air cannon required for each analysis. For example, ID CP201 
represents the constant tube pressure model and initial pressure of the
compressed air (201 atm). 
 

Tube pressure type Initial pressure of the 
reservoir (atm) ID 

Constant 201 CP201 

Nonconstant 11 NP011 
Nonconstant 51 NP051 

Nonconstant 101 NP101 

Nonconstant 201 NP201 

  
(a) Isothermal process 

 

 
(b) Isentropic process 

 
Fig. 3. Comparison of the maximum velocity maxv  of the projectile versus 
the dimensionless friction df  for the constant and the nonconstant tube 
pressure in (a) isothermal process; (b) isentropic process. df denotes the 
dimensionless friction, and the specifications for each ID are given in Table 
1. 
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maximum velocity of the projectile for each dimensionless fric-
tion was obtained using the theory derived in Sec. 2. In the 
case of CP201, the initial pressure of the compressed air was 
assumed to be 201 atm, and the tube pressure in front of the 
projectile was assumed to be 1 atm. By assuming that the tube 
pressure was a constant, the normal shock wave relation was 
not used.  

Therefore, CP201 obtained the maximum velocity of the pro-
jectile at each dimensionless friction over time in the same way 
as NP201 except for the normal shock wave relation. For 
CP200*, the result of the reference study ignores the tube 
pressure in front of the projectile and assumes the initial pres-
sure of the compressed air to be 200 atm [3]. Therefore, in all 
cases, the pressure difference between the front and rear of 
the projectile was 200 atm.  

The results show the maximum velocity of the projectile for 
each dimensionless friction within an arbitrarily set projectile 
travel time of 0.03 s. Accordingly, this study confirmed that the 
maximum velocity NP201 decreased compared to CP201 in 
both the cases where the compressed air was assumed to be 

the isothermal process and isentropic process.  
The enlarged part reveals, that the maximum velocity of 

NP201 was lower than the maximum velocity of CP201 in the 
entire section of the dimensionless friction. In the isothermal 
process, the difference in maximum velocity between the 
CP201 and NP201 was 36 % and 6 % at dimensionless friction 
of 0 and 0.9, respectively.  

As dimensionless friction decreases, the maximum velocity 
decrease rate of the projectile increases. CP201 showed al-
most the same results as CP200* with dimensionless friction 
ranging from 0.4 to 1, as seen in the enlarged part of Fig. 3(a). 
Therefore, the results of CP201 and NP201 were confirmed as 
the difference from assuming that the tube pressure in front of 
the projectile was a variable considering the compression wave.  

The maximum velocity of the projectile was higher overall in 
the isothermal process than in the isentropic process. When 
the pressure of the ideal gas decreases and the volume of the 
ideal gas expands, the isentropic process does not exchange 
heat with the outside. However, the isothermal process can do 
more work because it receives heat from the outside to main-
tain a constant temperature. Therefore, the maximum velocity 
of the projectile is higher in the isothermal process. 

Fig. 4 shows the acceleration of the projectile for the dimen-
sionless friction in the range 0-0.2, which can explain the ten-
dency of the difference in the maximum velocity of the projec-
tile when the dimensionless friction is low. 

In Figs. 4(a) and (b), when df  is 0, NP can be seen that the 
maximum velocity appears faster than CP by 0.02 s or more 
owing to the effect of the compression wave. As the friction 
force acting on the projectile decreases, the velocity of the 
projectile increases. As the velocity of the projectile increases, 
the magnitude of the compression wave increases, but the 
compression wave eventually affects the behavior of the pro-
jectile. Thus, the compression wave in front of the projectile 
reduces the acceleration of the projectile.  

When the dimensionless friction is 0.05 in the isothermal 
process, the maximum velocity occurrence time of NP is 
0.0065 s and CP is 0.0128 s. Further, when the dimensionless 
friction is 0.05 in the isentropic process, the maximum velocity 
occurrence time of NP is 0.0048 s and CP is 0.0068 s. The 
maximum velocity of the projectile occurs at the point where 
the acceleration of the projectile decreases and becomes neg-
ative, and this point appears faster in the isentropic process 
than in the isothermal process. 

Fig. 5 shows the maximum velocity occurrence point of the 
projectile corresponding to each point within the range 0-1 of 
the dimensionless friction df . CP200* is the result of the ref-
erence study for validating CP201, as shown in Fig. 3. The 
enlarged part of Fig. 5(a) reveals that CP201 and CP200* 
show almost identical results. As with the result of maxv , it was 
confirmed that the result of the NP201 considering the com-
pression wave lower than that of CP201 without considering 
the compression wave. Therefore, the maximum velocity of 
NP201 is reached faster than CP201, after which the velocity 
of the projectile decreases. The difference in the effect of these 

 
(a) Isothermal process 

 

 
(b) Isentropic process 

 
Fig. 4. Acceleration of the projectile for the constant and nonconstant tube 
pressure in the (a) isothermal process; (b) isentropic process in the dimen-
sionless friction range of 0-0.2. For example, CP- df = 0.2 represents the 
acceleration of the projectile when the dimensionless friction is 0.2 in the 
constant tube pressure model. 
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is that the com pression wave increases as the friction force 
decreases. In particular, when the dimensionless friction is 0, 
the isothermal process decreases by 83.5 % and the isentropic 
process decreases by 85 %, indicating that the effect of the 
compression wave is very significant. In the case of CP201, 
when the dimensionless friction is 0, the resistance force acting 
on the traveling projectile is due to only 1 atm of the tube pres-
sure in front of the projectile, which shows that there is signifi-
cant difference from the NP201. 

Fig. 6 shows the maximum travel distance of the projectile 
corresponding to each point within the range 0-1 of the dimen-
sionless friction df . The maximum travel distance of the pro-
jectile shows the same tendency as the maximum velocity of 
the projectile and the maximum velocity occurrence point. The 
result obtained by NP201 was overall lower than CP201. In 
addition, the result was lower in the isentropic process than in 
the isothermal process.  

In the isentropic process, CP201 showed 27.5 % lower re-
sults and NP201 showed 24 % lower results than those in the 

isothermal process. In the case of CP, when the maximum 
velocity occurrence point in Fig. 5 and the maximum travel 
distance in Fig. 6 were compared both the isothermal and isen-
tropic processes, almost similar results were obtained. 

Therefore, in the case of CP, the maximum velocity of the 
projectile appeared when the projectile almost reached the end 
of the tube. Conversely, in the case of NP, the maximum veloc-
ity of the projectile reached faster than that of CP, and then the 
velocity decreased. 

 
3.2 Analysis of the nonconstant tube pressure 

model 

In this section, the results of analyzing only the nonconstant 
tube pressure type are shown to analyze the effect of the com-
pression wave generated in the front of the projectile on the 
compressed air cannon. The pressure 2P  in front of the com-
pressed wave was fixed at 1 atm. When the dimensionless 
friction is 1.0, the projectile is in a stationary state, so the range 

      
 (a) Isothermal process (b) Isentropic process 
 
Fig. 5. Comparison of the maximum velocity occurrence point versus the dimensionless friction df  for the constant and nonconstant tube pressure in (a) 
isothermal process; (b) isentropic process. df  represents the dimensionless friction, and the specifications for each ID are given in Table 1. 

 

      
 (a) Isothermal process  (b) Isentropic process 
 
Fig. 6. Comparison of the maximum travel distance maxx  versus the dimensionless friction df  for the constant and nonconstant tube pressure in the (a) 
isothermal process; (b) isentropic process. df  denotes the dimensionless friction and the specifications for each ID are given in Table 1. 
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0-0.75 excluding 1.0 was analyzed by dividing by 0.25. Jiang 
assumed that the frictional force is 25 %, 50 %, and 75 % of 
the drag force, and performed three cases and obtained the 
result. Our study represents the effect of compression waves 
for 0.25, 0.5, and 0.75 of dimensionless friction including zero 
dimensionless friction. 

As mentioned above, the travel time of the projectile is 0.03 s 
in total, showing the results of performing iterations at 0.00001 s 
intervals. Sec. 3.2.1 shows the results of analyzing the Mach 
number of the compression wave, pressure of the compression 
wave, velocity of the projectile, and travel distance of the projec-
tile in the isothermal and isentropic processes to analyze the 
effect of the compression wave on the projectile.  

In Sec. 3.2.2, the effect of the compression wave on the pro-
jectile when the mass and cross-sectional area of the projectile 
increase is analyzed with the velocity and travel distance of the 
projectile. In Sec. 3.2.3, the effect of the compression wave on 
the projectile when the initial pressure of the compressed air 
behind the projectile increases is analyzed with the velocity and 
the travel distance of the projectile. 

 
3.2.1 Analysis of compression wave mach number, 

compression wave magnitude, projectile veloc-
ity, projectile acceleration, and projectile travel 
distance 

In this study, the compression wave Mach number, com-

pression wave pressure, velocity of the projectile, acceleration 
of the projectile, and travel distance of the projectile were ana-
lyzed by applying the theoretical model derived in Sec. 2.2. 
The cross-sectional area A  of the projectile, mass m  of the 
projectile, and initial pressure 0P  and volume 0V  of the com-
pressed air were used the same as in Sec. 3.1.  

The compression wave Mach number is results of 2
sM  from 

Sec. 2.2 and was obtained over time by iterating our theoretical 
model by applying the normal shock wave relation. The com-
pression wave pressure is 1P , which is the pressure behind 
the compression wave or in front of the projectile, and repre-
sents the results obtained by Eq. (22). The velocity, accelera-
tion, and travel distance of the projectile are given using the 
Mach number 2

sM  of the compression wave. 
In Fig. 7, the compression wave Mach number increases 

rapidly as the projectile accelerates after launch and then de-
creases after the maximum value. The Mach number of the 
compression wave is 1 at 0 s. At 0 s, the velocity of the projec-
tile is 0 m/s, but it has an initial acceleration owing to the pro-
pulsion of the expanding air behind the projectile. This initial 
acceleration of the projectile creates a disturbance in the flow 
in front of the projectile. 

Thus, the disturbance of the flow in front of the projectile cre-
ates the shock wave with Mach number 1. When the initial 
compression wave Mach number is 1, the tube pressure 1P  
behind of the compression wave has the same value (1 atm) 

 

 
 (a) Isothermal process (b) Isentropic process 
 
Fig. 7. Compression wave Mach number versus time for the nonconstant tube pressure in each process: (a) isothermal process; (b) isentropic process both 
using the case of NP201, where df  is the dimensionless friction. The compression wave Mach number is expressed as a three-dimensional plot, and the 
maximum value is expressed as a line plot. 

 



 Journal of Mechanical Science and Technology 37 (11) 2023  DOI 10.1007/s12206-023-1029-x 
 
 

 
5923 

as the tube pressure 2P  in front of the compression wave 
according to Eq. (22). Then, as the projectile travels, the mag-
nitude behind and in front of the compression wave becomes 
the same again and the Mach number becomes 1, so the pro-
jectile stops. In addition, as the dimensionless friction increases, 
the velocity of the projectile decreases significantly, so the 
Mach number of the compression wave also decreases signifi-
cantly.  

The Mach number of (a) the isentropic process is lower than 
that of (b) the isothermal process as a whole. When the dimen-
sionless friction is 0, the maximum Mach number of compres-
sion wave in the isentropic process is 0.693 (18 %) lower than 
that of the isothermal process, and the average of the maxi-
mum Mach number difference is 0.216 in the range of 0-1 of 
df . The travel time of the projectile was confirmed to be longer 

in the isothermal process than in the isentropic process. 
Fig. 8 shows the compression wave magnitude (= pressure 

1P  behind the compression wave) according to the travel time 
of the projectile. The compression wave magnitude shows a 
decrease to 1 atm after a maximum value at a dimensionless 
friction higher than 0.063 for a travel time of 0.03 s. Actually, 
the friction force is different depending on the case, but in this 
study, the friction force is expressed as the ratio of the initial 
pressure of the compressed air and the cross-sectional area of 
the projectile. However, because the cross-sectional area of 
the projectile is constant, the friction force changes according 

to the initial pressure of the compressed air. Therefore, as the 
compressed air pressure behind the projectile is much larger 
than the compression wave magnitude, the effect of the friction 
force is more dominant than the effect of the compression 
wave, so this result is shown. For both processes, the travel 
time for the maximum peak of compression wave magnitude is 
equal to that for the maximum compression wave Mach num-
ber. Overall, the compression wave magnitude shows the 
same increasing and decreasing trend as the compression 
wave Mach number.  

Moreover, in the isentropic process, the compression wave 
magnitude decreases faster to 1 atm than in the isothermal 
process over the entire dimensionless friction ranges. For both 
isothermal and isentropic processes, the maximum value of 
compression wave magnitude is approximately 20 times lower 
than the initial pressure of the compressed air of 201 atm for all 
dimensionless friction. 

Fig. 9 shows the velocity of the projectile over time by per-
forming iteration and is the results including the constant tube 
pressure type to analyze the effect of the compression wave. In 
Fig. 9(a), except for the case where the dimensionless friction 
of the constant tube pressure type is 0, the velocity of the pro-
jectile increases rapidly after launch and then decreases after 
the maximum velocity.  

The maximum velocity of the projectile occurs at the traveling 
time when the compression wave Mach number attains the 

 

 

 
 (a) Isothermal process (b) Isentropic process 
 
Fig. 8. Compression wave magnitude versus time for Nonconstant tube pressure in each process: (a) Isothermal process; (b) isentropic process both using
the case of NP201, where df  is the dimensionless friction. The compression wave magnitude is expressed as a three-dimensional plot, and the maximum 
value is expressed as a line plot. 
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maximum value. In particular, the compression wave magni-
tude, compression wave Mach number, and velocity of the 
projectile reach their maximum values at the same travel time.  

This is because, as assumed in Sec. 2.2, the Mach number 
of flow ① in Fig. 2 is assumed to be the same as that of the 
projectile. Thus, the velocity of the projectile is a result of the 
Mach number of flow ①.  

The velocity of the projectile decreases to 0 m/s in the same 
travel time as when the compression wave Mach number de-
creases to 1. In the isentropic process rather than in the iso-
thermal process, the pressure of the compressed air propelling 
the projectile is lower owing to the specific heat ratio. Therefore, 
the velocity of the projectile is lower because the force propel-
ling the projectile is smaller in the isentropic process.  

When the dimensionless friction is 0, the velocity of the pro-
jectile continues to increase with travel time of the projectile in 
both processes. However, in the case of NP, it represents that 
the velocity of the projectile decreases according to the travel 
time of the projectile in both processes owing to the effect of 
the compression wave. In particular, it can be seen that the 
lower the dimensionless friction, the greater the decrease in the 
velocity of the projectile owing to the effect of the compression 
wave.  

Fig. 10 shows the acceleration of the projectile from 0 to 0.75 
in intervals of 0.25 excluding the dimensionless friction of 1. 
The Mach number of the compression wave, pressure of the 
compression wave, and velocity of the projectile attain their 

maximum values simultaneously. This indicates that the accel-
eration of the projectile has these maximum values at the time 
it becomes negative. When the dimensionless friction is about 
0.53 (friction force is 270 N) in the isothermal process and 
when the dimensionless friction is about 0.52 (friction force is 
263 N) in the isentropic process, the minimum acceleration of 
the projectile increases.  

Fig. 10 shows that when the dimensionless friction is 0.75, 
the minimum acceleration is higher than the minimum accel-
eration when it is 0.5. In other words, as the dimensionless 
friction force increases, the amount of reduction decreases as 
the initial acceleration decreases, so this is phenomenon is 
shown.  

In addition, the initial acceleration of the projectile has the 
same value for both the isothermal and isentropic processes. 
Thereafter, as the projectile travels, the acceleration decreases, 
thereby decreasing in the isentropic process. As the accelera-
tion decreases, the velocity of the projectile reduces, and the 
travel time decreases as the projectile travels a shorter dis-
tance. 

Fig. 11 shows the travel distance of the projectile from 0 to 
0.75 in intervals of 0.25, excluding the dimensionless friction 1. 
The result of iterating over time intervals. In Fig. 11(a), the pro-
jectile of the NP travels up to 0.45 m with the dimensionless 
friction of 0.75. Here, in the case of CP with the dimensionless 
friction of 0.75, the travel distance and travel time of the projec-
tile are almost the same as those of NP with a difference of 

 

 
 (a) Isothermal process (b) Isentropic process 
 
Fig. 9. Velocity of the projectile over time in the isothermal and isentropic processes. CP is the constant tube pressure type, NP is the nonconstant tube pres-
sure type, and df  is the dimensionless friction. The velocity of the projectile expressed as a three-dimensional plot shows the results of NP201, and the 
maximum value is expressed as a line plot. 
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1 % and 2 %, respectively.  
In addition, in Fig. 11(b), the projectile of the NP travels up to 

0.31 m with the dimensionless friction of 0.75. CP with the 
same dimensionless friction shows that the travels distance 
and travel time of the projectile are almost the same as those 
of NP with a difference of 0.5 % and 1.5 %, respectively. 
Therefore, because the compression wave magnitude is sig-
nificantly smaller than the compressed air pressure behind the 
projectile, it represents that the effect of the compression wave 
is considerably smaller than the friction force as the dimen-
sionless friction increases.  

As shown in Fig. 11(a), in the case of NP, the projectile trav-
els up to 5.1 and 1.5 m with the dimensionless friction of 0.25 
and 0.5, respectively, but in the case of CP, projectile travels 
up to 5.8 and 1.6 m, respectively. As shown in Fig. 11(b), in the 
case of NP, the projectile travels up to 3 and 0.96 m with the 
dimensionless friction of 0.25 and 0.5, respectively, whereas 
for CP, the projectile travels up to 3.2 and 1 m, respectively.  

Therefore, Fig. 11 shows that the travel distance of the pro-
jectile decreases owing to the effect of the compression wave 
as the friction force decreases. In addition, the travel distance 
and travel time of the projectile are greater in the isothermal 

process than in the isentropic process. In the isothermal proc-
ess with the dimensionless friction of 0.5, the maximum velocity 
of the projectile appears at 0.6 m, and in the isentropic process 
with the same dimensionless friction, the maximum velocity of 
the projectile appears at 0.394 m.  

Thus, it can be seen that for the same dimensionless friction, 
the isentropic process has a lower maximum velocity of the 
projectile than the isothermal process, and quickly reaches 
maximum velocity and then decreases. 

 
3.2.2 Effect of change in the cross-sectional area 

and mass of the projectile 
In this section, the velocity and travel distance of the projec-

tile are analyzed by increasing the cross-sectional area and 
mass of the projectile, respectively, in the nonconstant tube 
pressure model. Table 2 lists the specifications for the cross-
sectional area and mass of the projectile used in the analysis. 
To observe only the effect on the cross-sectional area or mass, 
a median value of 0.5 was selected from 0 to 1 for the dimen-
sionless friction, and the expansion process of compressed air 
was investigated only in the isentropic process. The initial vol-
ume of the compressed air and the initial pressure of the com-
pressed air are the same as in Sec. 3.2.1.  

As shown in Figs. 12(a) and (b), the velocity of the projectile 

 
(a) Isothermal process 

 

 
(b) Isentropic process 

 
Fig. 10. Acceleration of the projectile over time in each process for 
nonconstant tube pressure: (a) Isothermal; (b) isentropic processes 
both using the case of NP201, where df  is the dimensionless friction.

 

 
(a) Isothermal process 

 

 
(b) Isentropic process 

 
Fig. 11. Travel distance of the projectile over time in the isothermal and 
isentropic processes. CP is the constant tube pressure type, NP is the 
nonconstant tube pressure type, and df  is the dimensionless friction. 
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increases as the cross-sectional area of the projectile in-
creases. Conversely, as the cross-sectional area of the projec-
tile increases, the travel time and travel distance of the projec-
tile decreases. However, a comparison of the maximum veloci-
ties of the projectiles of A1-M1 and A4-M1 indicates that they 
are almost the same with a difference of around 1 m/s. Con-
versely, the travel distance of the projectile between A1-M1 

and A4-M1 is 2.72 m, implying a large difference.  
As the cross-sectional area of the projectile increases, the 

force with which the compressed air behind the projectile 
pushes against the projectile increases. Simultaneously, as the 
cross-sectional area of the projectile increases, the force that 
disturbs the movement of the projectile by the pressure of the 
tube in front of the projectile increases. However, as the tube 
pressure in front of the projectile is very small compared to the 
pressure of compressed air, the effect of the tube pressure in 
front of the projectile on the increase of the total force acting on 
the projectile is very small.  

In addition, the dimensionless friction is fixed at 0.5, but the 
friction force increases as the cross-sectional area of the pro-
jectile increases, because it is expressed as the product of the 
cross-sectional area of the projectile and the initial pressure of 
the compressed air. However, as the cross-sectional area in-
creases, the total force acting on the projectile is most affected 
by the force applied by the compressed air behind the projec-
tile pushing the projectile. The pressure change of the com-
pressed air behind the projectile with time has only one vari-
able, the travel distance ( )x t  of the projectile, as shown in Eq. 
(7). Therefore, as the cross-sectional area increases, the force 
owing to the pressure of the compressed air rapidly increases, 
so the travel distance of the projectile decreases rapidly.  

Conversely, the change in the maximum magnitude of the 
compression wave in front of the projectile is very small be-
cause the effect of the air in the tube on the total force acting 
on the projectile is small when the cross-sectional area in-
creases. 

Therefore, the change in the maximum velocity of the projec-
tile, which is directly related to the compression wave magni-
tude, is very small compared to the change in the maximum 
travel distance of the projectile.  

Fig. 13 shows the total force acting on the projectile with an 
increase in the cross-sectional area of the projectile, magnitude 
of the compression wave generated in the tube in front of the 
projectile, force of the compressed air behind the projectile to 
push the projectile, and compressed air pressure according to 
the travel time of the projetile.  

In Fig. 13(c), the driving force refers to the force that pushes 
the projectile with the expansion of the compressed air in the 
reservoir behind the projectile. Fig. 13(a) shows that when the 
cross-sectional area of the projectile increases from A1 to A4, 

Table 2. Comparison of the characteristics of the main parameters required for the analysis of the effect on the mass and cross-sectional area of the projec-
tile. For example, ID A1-M1 denotes the case with the cross-sectional area of 0.7×10-5 m2 and mass of 1.0×10-3 kg of the projectile. 
 

Cross-sectional area of the projectile (m2) Mass of the projectile (kg) ID 

0.7×10-5 1.0×10-3 A1-M1 

1.6×10-5 1.0×10-3 A2-M1 
2.5×10-5 1.0×10-3 A3-M1 

2.5×10-5 1.5×10-3 A1-M2 

2.5×10-5 2.0×10-3 A1-M3 
3.4×10-5 1.0×10-3 A4-M1 

 

 
(a) Projectile velocity 

 

 
(b) Travel distance 

 
Fig. 12. Comparison of (a) velocity; (b) travel distance of the projectile
according to time for an increase in the cross-sectional area of the projectile 
on the nonconstant tube pressure type. The dimensionless friction is 0.5, 
initial pressure of the compressed air is 201 atm, and the expansion proc-
ess of the compressed air is isentropic process. The specifications of the 
projectile used are according to the ID in Table 2. 
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the total force acting on the projectile at t = 0 s increases by 
five times and then decreases sharply thereafter.  

As described in Fig. 12, this is most affected by the driving 
force, which is the force that the expanding compressed air 
behind the projectile pushes the projectile. Therefore, the driving 
force increases as the cross-sectional area of the projectile 
increases, and the total force acting on the projectile increases. 

In addition, Fig. 13(b) shows that the magnitude of the 
compression wave increases as the cross-sectional area of the 
projectile increases, but the maximum value difference between 
the A1-M1 and A4-M1 is relatively small at 0.3 %. The change 
in the magnitude of the compression wave in front of the 
projectile in Fig. 13(b) is a significantly smaller than the change 
in the compressed air pressure behind the projectile in Fig. 
13(d). 

Therefore, because the velocity of the projectile is eventually 
determined by the compression wave Mach number, the 
change in the maximum velocity of the projectile is small, equal 
to the magnitude of the compression wave. The variable of the 
driving force has only the travel distance ( )x t  by Eq. (7). 

Therefore, the maximum travel distance of the projectile 
decreases as the maximum value of the driving force increases. 

Figs. 14(a) and (b) show the effect of increasing the mass of 
the projectile on the velocity and distance of the projectile. As 
the mass of the projectile increases, the maximum velocity of 

the projectile decreases and the maximum travel distance of 
the projectile increases. In addition, the travel time of the pro-
jectile increases.  

In Fig. 14(a), comparing the maximum velocity of the projec-
tile of the A3-M1 and A3-M3, the maximum velocity of the pro-
jectiles is 282 and 200 m/s, showing a difference of approxi-
mately 82 m/s. However, in Fig. 14(b), comparing the maxi-
mum travel distance of the projectiles of A3-M1 and A3-M3, the 
maximum travel distances are 0.96 and 0.97 m, respectively, 
which are almost the same. Therefore, the maximum velocity 
of the projectile shows a significant difference as the mass of 
the projectile increases, while the maximum travel distance of 
the projectile shows almost similar results.  

As the mass of the projectile increases, the initial accelera-
tion of the decreases. In Eq. (8), the change in the mass of the 
projectile does not directly affect the force owing to the pres-
sure in front and behind of the projectile and the friction force.  

As the mass of the projectile increases, the initial total force 
remains the same and the initial acceleration of the projectile 
decreases. Therefore, as the initial acceleration of the projectile 
decreases, the maximum velocity of the projectile decreases 
and the maximum velocity appears late.  

As the mass of the projectile increases, the initial total force 
acting on the projectile remains the same, so the velocity of the 
projectile decreases and travel time increases, the maximum 

 
 (a) Total force (b) Compression wave magnitude 
 

 
 (c) Driving force (d) Compressed air pressure 
 
Fig. 13. Comparison of (a) total force; (b) compression wave magnitude; (c) driving force; (d) compressed air pressure for an increase in the cross-sectional 
area of the projectile on the constant tube pressure type. The dimensionless friction is 0.5, initial pressure of the compressed air is 201 atm, and the expan-
sion process of the compressed air is isentropic process. The specifications of the projectile used are according to the ID in Table 2. 
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travel distance does not change significantly. 
Fig. 15 shows the total force acting on the projectile with an 

increase in the mass of the projectile, pressure of the com-
pressed air behind the projectile, force by the tube pressure in 
front of the projectile, and acceleration of the projectile accord-
ing to the travel time of the projectile. In Fig. 15(c), the 
resistance force represents the force due to the pressure of the 
air in the tube in front of the projectile, which disturbs the 
movement of the projectile.  

As the mass of the projectile increases, the total force acting 
on the projectile will have the same force at t = 0 s with a 
different tendency than the cross-sectional area of the projectile, 
as shown in Fig. 15(a). Thereafter, as the mass increases, the 
total force decrease slowly, thereby decreasing the velocity of 
the projectile and increasing the travel time. The total force 
acting on the projectile is most affected by the force of the 
compressed air behind the projectile. However, the pressure of 
the compressed air behind the projectile is not affected by the 
mass of the projectile according to Eq. (7). 

Therefore, as shown in Fig. 15(b), although the mass of the 
projectile increases, the compressed air pressure changes in 
the same trend as the total force acting on the projectile. 
Conversely, as shown in Fig. 15(c), the magnitude of the 
compression wave generated in the tube in front of the projectile 
decreases repidly as the mass increases, so the resistance 
force, which is the force by the tube pressure in front of the 
projectile, also rapidly decreases.  

In Fig. 15(d), as the mass of the projectile increases, the 
initial acceleration of the projectile decreases and the travel 
time of the projecitle increases. In other words, as the mass of 
the projectile increases, the initial acceleration of the projectile 
decreases because the initial value of the total force acting on 
the projectile remains the same. As the acceleration of the 
projectile decreases, the velocity of the projectile and 
magnitude of the compression wave sharply decreases, and 
the travel time of the projectile increases, so the change in the 
travel distance of t he projectile is relatively small. 

 
3.2.3 The effect of the compressed air initial pres-

sure in the reservoir 
For the nonconstant tube pressure, the initial pressure of the 

compressed air in the reservoir was gradually increased and 
analyzed. The initial pressure of the compressed air was in-
creased for analysis, and the volume of the reservoir remained 
constant at 0V = 1.6×10-3 m3. The cross-sectional area of the 
projectile was 1A = 2.5×10-5 m2, and the mass of the projectile 
was 1m = 1.0×10-3 kg.  

The initial pressure of the compressed air was sequentially 
increased to 11, 51, 101, and 201 atm, and as in the Sec. 3.2.1, 
the dimensionless friction increased by 0.25 in the range of 0-
0.75 except for 1, where the projectile was stationary. For the 
expansion process of the compressed air, only the isentropic 
process was analyzed, and the ID in Table 1 was applied ac-
cording to the initial pressure of the compressed air. 

Fig. 16 shows the velocity of the projectile according to the 
travel time and dimensionless friction with a gradual increase in 
the initial pressure of the compressed air. The velocity of the 
projectile increases as the initial pressure of the compressed 
air increases. In other words, as the initial pressure of the com-
pressed air increases, the maximum velocity of the projectile 
increases, the travel time decreases, and the maximum veloc-
ity appears faster. In addition, as the dimensionless friction 
increases, the velocity, travel distance, and travel time of the 
projectile decrease.  

In Fig. 16, when the dimensionless friction was 0.5, the max-
imum velocity of the projectile was 50.8 m/s for NP011, 135 
m/s for NP051, 196.6 m/s for NP101, and 282.2 m/s for NP201. 
In Fig. 16, for an increase of 100 atm (around 99 %) from 
NP101 to NP201, the maximum velocity of the projectile in-
creased by 85.6 m/s (approximately 43 %). However, a com-
parison of A1-M1 and A2-M1 in Fig. 12(a) of Sec. 3.2.2 reveals 
that the maximum velocity of the projectile increased by 0.11 % 
compared to the 130 % increase in the cross-sectional area of 
the projectile. In addition, comparing A3-M1 and A3-M3 in Fig.  

 
(a) Projectile velocity 

 

 
(b) Travel distance 

 
Fig. 14. Comparison of (a) velocity; (b) travel distance of the projectile
according to time for an increase in the mass of the projectile on the non-
constant tube pressure type. The dimensionless friction is 0.5, initial pres-
sure of the compressed air is 201 atm, and the expansion process of the 
compressed air is isentropic process. The specifications of the projectile 
used are according to the ID in Table 2. 
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 (a) Total force (b) Compression wave magnitude 
 

 
 (c) Driving force (d) Compressed air pressure 
 
Fig. 15. Comparison of (a) total force; (b) compressed air pressure; (c) resistance force; (d) projectile acceleration according to time for an increase in the 
mass of the projectile on the nonconstant tube pressure type. The dimensionless friction is 0.5, initial pressure of the compressed air is 201 atm, and the 
expansion process of the compressed air is isentropic process. The specifications of the projectile used are according to the ID in Table 2. 

 

 

 
 
Fig. 16. Velocity of the projectile versus time for the initial pressure increase of the compressed air in the reservoir. The expansion process of the compressed 
air is the isentropic process, df  is the dimensionless friction, and the ID given in Table 1 is followed according to the initial pressure of the compressed air
(11, 51, 101, and 201 atm). 
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14(a) in Sec. 3.2.2 reveals that the maximum velocity of the 
projectile decreases by around 41 % from 282 to 200 m/s as 
the mass of the projectile increases by 100 %.  

Therefore, the change in the initial pressure of the com-
pressed air behind the projectile had the greatest effect on the 
change in the maximum velocity of the projectile than the 
change in the cross-sectional area and mass of the projectile 
[25]. 

As the initial pressure of the compressed air increases, the 
travel distance of the projectile increases and the travel time 
decreases. Further, as dimensionless friction increases, the 
travel distance and travel time decrease. In Fig. 17, when the 
dimensionless friction was 0.5, the maximum travel distance of 
the projectile was approximately 0.637, 0.889, 0.935, and 
0.963 m for NP011, NP051, NP101, and NP201, respectively. 
Therefore, as the initial pressure of the compressed air in-
creases, the maximum travel distance increases.  

In Fig. 17, when the initial pressure of the compressed air in-
creased by around 100 % from 101 to 201 atm, the maximum 
travel distance of the projectile increased by approximately 3 % 
from 0.935 to 0.963 m. Comparing A3-M1 and A3-M3 in Fig. 
14(b) in Sec. 3.2.2 reveals that the maximum travel distance of 
the projectile increases by around 1 % from 0.96 to 0.97 m as 
the mass of the projectile increases by 100 %. However, com-
paring A1-M1 and A2-M1 in Fig. 12(b) in Sec. 3.2.2 indicates 
that the maximum travel distance of the projectile decreases by 
approximately 130 % from 3.43 to 1.5 m as the cross-sectional 
area of the projectile increases by around 130 %. 

Therefore, the change in the initial pressure of the com-

pressed air of the projectile affects the maximum travel dis-
tance of the projectile more than the change in the mass of the 
projectile, but the change in the cross-sectional area of the 
projectile has the greatest effect. 

 
4. Conclusions  

The behavior of the projectile was predicted by developing a 
theory assuming the tube pressure in front of the projectile as a 
variable considering the effect of the compression wave gener-
ated in front of the projectile moving in the tube of the com-
pressed air cannon. As a result, the maximum velocity of the 
projectile of the nonconstant tube pressure type was lower than 
the constant tube pressure type in the entire range of the di-
mensionless friction.  

The maximum velocity difference between the constant and 
nonconstant tube pressures type increases as the dimen-
sionless friction decreases. In other words, the maximum ve-
locity of the projectile reduced owing to the compression wave 
in the nonconstant tube pressure type. Furthermore, the com-
pression wave decreased not only the maximum velocity of the 
projectile, but also the maximum velocity occurrence point, 
acceleration, and maximum travel distance of the projectile. 
The maximum velocity of the projectile in the constant tube 
pressure type occurs near the maximum travel distance of the 
projectile. However, when the compression wave is considered, 
the maximum velocity of the projectile occurs much faster, and 
then the velocity gradually decreases.  

As the cross-sectional area of the projectile increases, the 

 

 
 
Fig. 17. Travel distance of the projectile versus time for the initial pressure increase of the compressed air in the reservoir. The expansion of the compressed 
air is the isentropic process, df  is the dimensionless friction, and the ID given in Table 1 is followed according to the initial pressure of the compressed air. 
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maximum travel distance of the projectile decreases sharply, 
while the maximum velocity increases slightly. Thus, the 
change in the cross-sectional area of the projectile affects the 
force by the compressed air behind the projectile, so the travel 
distance of the projectile changes rapidly. As the mass of the 
projectile increases, the maximum velocity of the projectile 
decreases sharply, while the maximum travel distance in-
creases slightly. Therefore, the change in the mass of the pro-
jectile affects the force by the tube pressure in front of the pro-
jectile, so the velocity of the projectile changes rapidly.  

The change in the initial pressure of the compressed air be-
hind the projectile has a greatest effect on the change in the 
maximum velocity of the projectile than the change in the 
cross-sectional area and mass of the projectile. In addition, the 
change in the initial pressure of the compressed air affects the 
travel distance of the projectile more than the change in the 
mass of the projectile, but the change in the cross-sectional 
area of the projectile has the greatest effect on the change in 
the travel distance.  

The present study has several limitations. The assumption of 
the isothermal expansion cannot be applied when the projectile 
is traveling at the speed of sound, the velocity of the projectile 
in the isothermal process can be more dissimilar to the actual 
operation than in the isentropic process [3]. Conversely, the 
theoretical development in the isentropic process is not limited 
by the speed of sound. In fact, it can be applied similarly to the 
adiabatic process by using a non-metallic material that does 
not transfer heat.  

This study assumed that the projectile and the tube had the 
same cross-sectional area, so there was no compressed air 
leakage through the gap. However, the compression wave is 
affected by the leakage of compressed air. In particular, the air 
leakage changes the flow quantities between the projectile and 
compression wave. Further, because the length of the projec-
tile was not used, the friction force was expressed as the initial 
pressure of the compressed air behind the projectile and the 
cross-sectional area of the projectile, and the friction force was 
assumed to be constant. Thus, while we can anticipate the 
predictions for constant friction to be approximate, the simplifi-
cations of our model means that we can derive an analytical 
expression for the behavior of the projectile [3]. Next, as a re-
sult of using our theoretical model, it can be seen that the trav-
eling distance of the projectile exceeds 20 m when the dimen-
sionless friction is zero. Because the tube length has a signifi-
cant effect on the behavior of the projectile, the actual behavior 
in long tubes may differ from our findings. However, It is plotted 
only to see the effect of the compression wave acting on the 
projectile under the assumption that there is no friction force. 
Although it is not realistic to include the results of dimen-
sionless friction 0 with no frictional force and dimensionless 
friction 1 with maximum frictional force, it is intended to analyze 
the effect of compression waves on projectiles in drastic cases. 

Therefore, in future study, we plan to analyze efficient and 
realistic parameters such as appropriate tube length, projectile 
mass, and cross-sectional area through our theoretical model. 

In addition, we plan to consider verification of the isothermal 
and adiabatic processes through simulation, definition of 
change in the friction force, and the compressed air leakage 
through the blockage ratio. 
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Nomenclature------------------------------------------------------------------ 

a  : Acceleration of projectile (m/s2) 
A  : Cross-sectional area of projectile (m2) 
f   : Friction force (N) 
df  : Dimensionless friction 
F  : Total force acting on projectile (N) 
L   : Length of tube (m) 
m  : Mass of projectile (kg) 
M  : Mach number 

atmP  : Atmosphere pressure (kg/(m∙s2)) 
P   : Pressure of compressed air behind projectile (kg/(m∙s2))  
γ   : Specific heat ratio 
R  : Individual gas constant  
t  : Travel time of projectile 
T  : Tube air temperature (K) 
v  : Velocity of projectile (m/s) 
V  : Volume of compressed air behind projectile (m3) 
x  : Travel distance of projectile (m) 

 
Superscript 

s  : Shock-relative coordinate system 

 
Subscript 

0 : Initial state of compressed air cannon 
1 : Local quantity behind shock wave 
2 : Local quantity in front of shock wave 
s  : Shock wave 
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